Dynamics of a Creeping Newtonian Jet With
Gravity and Surface Tension: A Finite
Difference Technique for Solving Steady
Free-Surface Flows Using Orthogonal
Curvilinear Coordinates

A finite difference technique capable of simulating steady, incompressible,
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viscous, free-surface flows has been successfully applied to the motion of a creeping

Newtonian jet, including both surface tension and gravitational forces. In accor-
dance with experimental results, the numerical solutions predict either a 12 or 16%
increase in the jet dimensions depending on whether the jet emerges from a circular
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or a slit die. Both gravity and surface tension inhibit the swelling behavior.

SCOPE

Low Reynolds number flows, associated primarily with the
motion of highly viscous liquids such as polymer melts, are
commonly encountered in a large variety of industrial pro-
cessing operations. A particular flow situation of considerable
practical and rheological importance, is that of a highly viscous
liquid emerging from a conduit (die) into an inviscid medium,
The characteristic feature of this flow is that the cross-sectional
area of the jet increases as it emerges from the die. Hence, this
phenomenon is simply known as “jet swell” or “die swell.” The
die swell ratio, which is a quantitative measure of the swelling
behavior, is the ratio of the final jet dimension to that of the die
and has been determined to be strongly dependent on the rhe-
ological properties of the liquid. In fact, this ratio varies over
arange as wide as 2-3 for viscoelastic liquids (Graessley et al.,
1970; Utracki et al., 1975; Huang and White, 1979) to about
1.1-1.2 for Newtonian fluids (Middleman and Gavis, 1961;
Goren and Wronski, 1966; Batchelor et al., 1973). Since die swell
has a direct influence on the dimensions of the final product in
processes like extrusion, fiber spinning, and blow molding, it
is necessary to obtain a fundamental understanding of the die
swell phenomenon in order to obviate the need to rely on trial
and error procedures and to ensure successful design and op-
eration of the process. A basic understanding of the relationship
of die swell to material properties and process conditions would
permit the realistic assessment and evaluation of the cost ef-
fectiveness and profitability of new products and designs.

Apart from the inherent importance to polymer processing,
a fundamental knowledge regarding the nonviscometric flow
associated with that of a creeping jet is of considerable signif-
icance for the successful application of the jet-thrust technique
to measure normal stresses. As has been indicated by Davies et
al. (1977) for Newtonian liquids and by Boger and Denn (1980)
for viscoelastic liquids, the serious discrepancies observed be-
tween the normal stress data obtained by the jet-thrust tech-
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nique and the data obtained by employing standard viscometric
flows, are very likely due to the assumption of the viscometric
flow being prevalent up to the die exit. Therefore, in order for
the jet-thrust technique to be used successfully, it is essential
to acquire a detailed understanding of the severe velocity profile
and stress rearrangements that occur in the exit region of a
creeping jet flow. Since experimental measurements possess
formidable practical difficulties, a theoretical analysis of the
problem appears to be a viable alternative.

Several theoretical analyses of die swell behavior have been
presented in the literature. These mathematical formulations
of the die swell problem are based either on a momentum bal-
ance approach (Metzner et al., 1961) or on an elastic recovery
mechanism (Graessley et al., 1970; Nakajima and Shida, 1966;
Tanner, 1970; Bagley and Duffey, 1970; Vlachopoulos et al.,
1972; Pearson and Trottnow, 1978). Even though these theories
have proven to be somewhat successful, they fail to adequately
explain the swelling behavior of a Newtonian fluid. Experi-
mental observations, however, indicate that at low shear rates
the die swell behavior of a viscoelastic polymer melt tends to
approach that of a Newtonian fluid. Thus, in order to develop
a general theory of die swell, an alternative and more satisfac-
tory approach would be to solve the governing equations of
motion along with an appropriate constitutive equation in a
region including both upstream and downstream sections from
the die exit. However, before the more complex problem in-
corporating Non-Newtonian and viscoelastic fluid behavior is
attempted, it is imperative to develop a simple and efficient
calculation procedure for the prediction of Newtonian swelling
behavior.

The analysis presented here yields a simple finite difference
technique for solving steady free-surface flow problems. The
usual difficulties associated with the application of a finite
difference procedure in an irregularly-shaped flow domain are
circumvented in the present analysis by the application of a
conformal transformation of the flow region. In particular, the
method has been employed to solve the Newtonian jet swell
problem including both gravitational and surface tension ef-
fects.
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CONCLUSIONS AND SIGNIFICANCE

The numerical solution of the creeping jet flow problem ex-
hibits features which have been observed experimentally. Rapid
rearrangement of the flow field occurs as the fluid approaches
the die opening. The rearrangement process is essentially
complete within a distance of about one die opening both up-
stream and downstream from the exit plane. Existence of such
an exit region has been comfirmed by the recent velocity profile
measurements of Higashitani et al. (1976), Whipple and Hill
(1978), and Gottlieb and Bird (1979). Moreover, in agreement
with the experimental data of Middleman and Gavis (1961) and
Batchelor et al. (1973), a Newtonian jet is predicted to expand
by as much as 12 or 16% depending on whether the die geom-
etry is cylindrical or planar. Both gravity and surface tension
tend to decrease this swelling behavior. The influence of gravity,
however, is much more significant than that due to surface
tension for determining the final shape of the jet. The striking
features of this flow are the presence of pressure and stress
singularities which exist at the die exit. A sudden transition
occurs from very high shear stresses to even larger tensile
stresses at the exit section, It is this aspect of the flow that makes

it virtually impossible for numerical solutions to satisfy all the
stress conditions and conservation requirements simultaneously
at the free surface, particularly in the immediate vicinity of the
die exit.

The principal significance of this work is to provide a rela-
tively simple and efficient numerical calculation procedure
capable of simulating steady free-surface flows. The method
can equally well be applied to flow situations involving arbi-
trarily-curved solid boundaries. The numerical solutions pre-
sented here yield detailed information regarding the complex
nature of the flow within the exit region for a fluid exhibiting
Newtonian behavior. It is believed that the basic numerical
scheme can be extended to simulate the more complex problem
of Non-Newtonian jet swell. The inherent simplicity of the finite
difference technique makes it an attractive alternative to finite
element methods for the analysis of the jet swell phenomenon.
As mentioned earlier, a more complete understanding of
swelling behavior is of considerable importance for the pro-
cessing and characterization of polymeric materials.

PREVIOUS NUMERICAL WORK

Practically all of the previous work regarding the numerical
solution of a creeping Newtonian jet has been carried out using
finite element techniques with the pressure and velocity as vari-
ables. The first successful solution of this problem is due to Nickell
et al. (1974). Their analysis was subsequently generalized for the
case of a power-law constitutive relation by Tanner et al. (1975)
and for various upstream die geometries by Allan (1977). Efforts
have also been made to extend the computations to higher Reynolds
number and to include the effect of surface tension forces. Such
calculations have been reported by Reddy and Tanner (1978a) and
by Omodei (1980) for axisymmetric jets and by Omodei (1979) and
by Ruschak (1980) for plane jets. Furthermore, Silliman and
Scriven (1978, 1980) have investigated the influence of a slip
boundary condition at the die wall for the case of a plane jet.

For the creeping jet flow of a viscoelastic liquid, the finite ele-
ment technique has only been successfully used for fluids exhibiting
weakly elastic behavior. Reddy and Tanner (1978b) used a sec-
ond-order fluid model in order to predict the swelling of a plane
jet, whereas Chang et al. (1979) employed a non-linear Maxwell
model for both axisymmetric and planar geometries. In addition,
the latter employed both a Galerkin and a collocation method for
the solution of the problem at low, but non-zero, Reynolds number.
Recently, Crochet and Kuenings (1980) reported calculations for
the die swell of a convected Maxwell fluid using a numerical
method of mixed finite element type. In addition to circular and
slit dies, these authors also considered the swelling due to an annular
die. Here too, numerical results could only be obtained for fluids
possessing a relatively small degree of elasticity. All of these studies,
however, have neglected the influence of the gravitational field.
For a more realistic simulation it would be desirable to incorporate
the influence of both surface tension and gravitational forces.

PRESENT APPROACH

Finite difference techniques have been extensively used for the
simulation of a wide spectrum of flow situations. Surprisingly, no
serious attempts have been made to utilize this numerical proce-
dure for the analysis of the jet swell problem, even though the initial
effort of analyzing the Newtonian jet swell phenomenon was un-
dertaken by Horsfall (1973) employing a traditional finite differ-
ence numerical scheme. His numerical solution, however, pre-
dicted a swell ratio considerably smaller than that observed ex-
perimentally. This poor surface determination was probably due
to inaccuracies (resulting from interpolation) in enforcing the
boundary conditiens at the curved free surface.
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Since the finite difference approach possesses inherent simplicity
of formulation and ease of mesh refinement, which are of partic-
ular relevance for problems involving fluids described by complex
constitutive relationships, it was deemed appropriate to develop
a simple, efficient, finite difference scheme capable of solving
steady free-surface flows, in particular, the jet swell problem. The
present work, however, is solely concerned with Newtonian fluid
behavior. The basic approach is to circumvent the major difficulty
of accurate representation of the curved boundary by transfor-
mation of the irregularly-shaped flow domain into a rectangular
region. Such techniques have been extensively used to solve a wide
class of flow problems involving curved solid boundaries (Thom,
1933; Lee and Fung, 1970). The transformation permits the free
boundary to be represented by grid nodes in the finite difference
mesh, thereby eliminating any need for interpolation. In fact, this
transformation procedure permits the finite difference scheme to
approach the boundary generality of the finite element
methods.

Apart from the difficulties associated with the unknown shape
and location of the free surface, another problem arises from the
surface boundary conditions which are expressed in terms of
stresses. Traditionally, free-surface calculations, employing either
finite element or finite difference (Harlow and Welch, 1965)
techniques, have employed the velocity and pressure as the
primitive variables. For steady flow problems, if the continuity
equation is not solved directly along with the momentum equations,
this primitive variable formulation poses considerable difficulties
in satisfying the mass conservation requirement. On the other hand,
if the stream function-vorticity formulation is employed, mass
continuity is satisfied identically but difficulties are encountered
in enforcing the free-surface boundary conditions involving
pressure explicitly. Although the pressure could be eliminated by
differentiation and algebraic manipulation of the momentum
equations in order to remove the pressure gradient, the numerical
evaluation of third-order derivatives of the stream function at the
boundary becomes necessary. The present method, which is based
on a stream function-vorticity formulation, obviates the need for
this numerically inaccurate and noisy operation. Instead, quasi-
linearized forms of the stress boundary conditions are employed
in order to determine the variable values at the free surface.

MATHEMATICAL FORMULATION

Consider the steady, incompressible flow of a Newtonian jet as
shown schematically in Figure 1(a). Creeping flow is assumed and
consequently inertial forces may be neglected. For convenience,
velocities are non-dimensionalized by the average velocity, V, the
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Figure 1. Schematic diagram of the computational field in (a) Physical plane
(b) transformed plane.

transverse and axial distances by a characteristic length, L., and
the pressure and stress terms by uV/L.. The characteristic length,
L., is taken to be either the die radius for circular dies or half of the
die opening for slit dies.

Incompressibility implies the existence of a stream function, ¥,
defined as

_1o

re 9z’
where the geometry indicator, «, is equal to 0 or 1 depending on
whether the geometry considered is planar or cylindrical in nature.
Note that Eq. 1 identically satisfies the continuity equation given
as

_1loy
re or

(1)

ov 10
D=— —_— (r =0 2
6z+r°‘br(r u) @
If the vorticity, w, is defined as
w= ou_ Qv 3
oz Or
then the stream function equation is expressed as follows
2 2
M M —_ g 91/. = —ragy (4)

0z2 o2 r Or

After eliminating pressure from the equations of motion, the vor-
ticity transport equation is given by

2w 02w
— 4 = ——— —— =0 5
0 torr T T or 2 (5)
In addition, the pressure gradients are related to the vorticity by
means of the following relationships
1
w_._ 12

(rew), % _ 0w
0z re or or 0z

where the gravity parameter, G = pgL2/uV, is a measure of the
relative importance of the gravitational to the viscous forces.
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The appropriate boundary conditions for the present flow
problem are formulated as follows:
(i) Ata distance very far upstream from the die exit the flow is
that of fully developed Poiseuille flow, thus

atz=-—-<’°,OSrSl,y//=l 3+ar1+“—r“+3,
2\l +a
w=(3+ a)y (6a)

(ii) At a distance very far downstream from the die exit, the ve-
locity is uniform over the entire cross-section. Therefore

a-li-l [ﬁ]ﬂiw:o (6b)

where R(z) describes the shape of the jet surface.
(iii) At the centerline, symmetry considerations imply

atr=0,—0 <z <o, Yy=0,w=0 (6¢)

atz =, 0<r <R(=), ¢ =

(iv) the remaining boundary involves mixed boundary conditions
since a portion of the boundary comprises a no-slip wall,
whereas the rest of the boundary constitutes a free surface. If
the die exit is assumed to be located a z = 0, then

(a) Within the die, the no-slip condition applies and therefore

2
atr=l-w<z<oy=—— w=-2¥o_ 2 g
a+1 or? or

(b) At the free surface the stress component tangential to the free
surface must vanish. Thus

atr =R(z),0<z £ =,
TR W anye
n““‘(ﬁ”“*dﬁn n4/b+@J]
(6e)

Also, the normal stress component must be balanced by the trac-
tions due to surface tension forces and the pressure exerted on the
surface by the surrounding medium. Therefore

dR\2 dR dR\2
= —— T, — 92— padaig
Tw = |To + (dz) == 2 T]/ 1+ (dz) ] (66)
=~ P, + HS
where the total curvature of the jet surface, H, is given as
&8
dz2 a
H= - (6g)

dR\2]3/2 dR\2]1/2
= R B
and T, is the total stress defined as

OV, + ov,
ox, ox,,

Tmn = —pamn + ( (Gh)
and S = o/uV is the surface tension parameter. Since the free
surface represents a streamline, Y = 1/{a + 1), the surface gradient,
dR/dz, is therefore related to the surface velocity components by
the kinematic condition

dz oy/or o (6i)
The problem thus entails simultaneous solution of Egs. 3 and 4
subject to the boundary conditions given by Eq. 6. However, before
proceeding with the numerical solution of the governing equations,
the irregular flow domain is transformed into a rectangular region
by means of a conformal transformation.

COORDINATE TRANSFORMATION
Figure 1 schematically represents the computational field in both

the physical and the transformed plane. It is seen that the irregu-
larly-shaped flow domain in the physical (r,z) plane is mapped into
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a uniform rectangular region in the transformed (,£) plane. This
transformed domain, where £; < £ < £y and 9y < 5 < 1y, is chosen
to be the computational field since the curved free surface is now
coincident with the 7z boundary, thereby permitting the free-
surface conditions to be enforced directly and accurately at the
boundary. For simplicity, the transformed coordinates 7 and £ are
chosen to be mutually orthogonal. For this transformation to be
valid, it can be shown that the following conditions apply (Thom
and Apelt, 1961; Thompson et al., 1977)

A=z;=r,=Cy, = C¢, (7)
B= Ty = =2, = _an = Cgr (8)
Bgp + 2gp =0 9)
rEg+r,,,,=O (10)
where
C =A% + B2 (11)

Using Egs. 7, 8, and 11, the governing Eqgs. 4 and 5 can be written
as (Thompson et al., 1977)

«
Vee + Yoy — T (AY, + BY;) = —r°Ce (12)
and
o awC
w££+w,,,,+—r—(Aw,,—ng)— = =0 (13)

In addition, the velocities, the continuity equation, and the vorticity
are given as follows

1

0= Ay + Bl u=cm (BYy —AY)  (19)
1

D=9‘Tﬁ+5(Aun+BuE+Aog—Bon)=o (15)
1

w = E (Aug - Bu,, - A‘UU - BDE) (16)

Also, the pressure gradients are related to the vorticity by means
of the following expressions

A
pE=AC—L—x-(:——w,, 17)
B
p, = =BG + % + wg (18)

and the relevant total stress components defined by Eq. 6h, are
given by

2
T,,=—p+ E(Au,, + Bug) (19a)
2
T.,,=—-p+ c {Avg — Bo,) (19b)
1
T, = c (Aug — Bu, + Av, + Bug) (19¢)

The numerical solution now involves the simultaneous solution of
four equations, namely, Eqs. 9, 10, 12, and 13. Thus, the transfor-
mation procedure has increased the number of equations that is
to be solved. In other words, the original problem that was for-
mulated with relatively simple governing equations and complex
boundary conditions has been transformed to a problem involving
a somewhat more complex system of equations but simpler
boundary conditions. In terms of the transformed coordinates the
boundary conditions are prescribed as follows:

i) até=&H,m=<n<n

lfa+1
2\la +3

ra+1 _ra+3 ,
w=(a+ 3)r (20
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(i) até=&,m=<n<mn

a+1
=Lyt =0y = ,w=0 (21)

1 [ r
a+ 1 R(Lz)

(iif) atn=m, £ <£< &
r=0,2,=0,y=0,0w=0 (22)

At the boundary 7 = 7o, the region £; < £ < £, represents the die
wall, Figure 1(b). The no-slip condition therefore gives

(iviatp =19, & £ &y

1 Y Uy
= = = =—Ym_ U1 (9q
rElE =0y Eaa e =TTy @
(v) At the free surface, thatisatn =1, &4 < £ < &5
1
=— 24
1% a1 (24)
which implies that
dR _ _pya (25)
dz v
Therefore from Eqs. 7 and 8 one obtains
u
=2 26
1'5 > Zg ( )
and
By =— 4 T (27)
v

Moreover, making use of Egs. 19 and 25, the tangential and normal
stress conditions at the free surface can be expressed as follows

B

v, =K (vg —uy,) — ug (28)
C B C
4y = (pe = p) 4 Doy + o SH (29)

The salient features of the numerical technique devised to solve
the boundary-value problem represented by Egs. 20 to 29 are de-
scribed in the following section. It should be noted that the or-
thogonality of the curvilinear coordinates is not a requirement of
the present approach, but rather a convenient simplification. For
situations where orthogonality may not be desirable, a more general
and powerful technique for generating “‘body-fitted curvilinear
coordinate systems™ has been developed by Thompson et al. (1974,
1977).

NUMERICAL TECHNIQUE

Ideally, the boundary conditions represented by Eqs. 20 and 21
are valid at distances infinitely far from the exit plane. However,
prior finite element calculations and recent experimental investi-
gations by Higashitani et al. (1976), Whipple and Hill (1978), and
by Gottlieb and Bird (1979) indicate that the exit region approxi-
mately lies within a distance of about half of the die opening both
upstream and downstream from the exit plane. As a result, the
computational region is restricted to lie withinz = —L; and z —
Ly, where L) and L; have been assigned a value of 2 thrqughout
the course of this study. The computational field so chosen is then
discretized into an I X J grid with uniform spatial increment, k;
I and J being the number of discrete nodes in the £ and % direction,
respectively.

Each of the governing Egs. 9, 10, 12, and 13 is expressed in finite
difference form with the aid of central difference operators. If ¢
is any arbitrary variable, these equations can be written in general
form as follows

1

i = ZA%‘]‘ + Y + Eij(Aij(dije 1 — dij-1)

+ Bij(diy 1, — d’i—l,j))]/Fij + 0(h2) (30)

March, 1982 Page 223



TABLE 1. COEFFICIENTS IN THE FINITE DIFFERENCE EQUATIONS

Variable Y E F
0 0 1
0 0 1
ha hiCa
0 _ 1
© 8}: + 4r2
¥ lh21C(.u - 1
4 8r
where
Adyy = dir1j+ bim1j+ dije1 + bij1

1 1
Ay = oh (fije1—Tij-1) = oh (iy1j — 2-15) (81)

1

1
By = 5 (i j—1— Zij41) = o (rig 15— 7i-1)

Cy=Ay® + By®

The expressions for the coefficients Y, E, and F for each of the
variables are summarized in Table 1. Equation 30 is used to com-
pute variable values only for the interior points of the field (1 <i
<1I,1<j <]). At the boundaries, one-sided second-order differ-
encing is employed to evaluate the gradients necessary-to enforce
the boundary conditions.

Figure 2 illustrates the salient features of the computational
procedure adopted for solving the governing finite difference
equations. The method of solution, based on an iterative scheme,
can be outlined as follows:

1. Initialize variables by supplying an initial guess for the solu-
tion.
2. Compute the surface shape from Eq. 25. Numerically, this is
expressed as
(k1)

Ki+1) — (k41 Bt L)
i) =t 4 ﬁh) (u/v)k0dz, ID <i < 1
2,

(32)

where 77p,; = 1 and ky is the iteration level for loop N as shown
in Figure 2.
3. Keeping the shape of the surface unchanged, the boundary
conditions on r are updated. The r-field is iterated once and
overrelaxed b?ll‘ a factor of 1.5.

4. If |rlket D 2| > €, step 3 is repeated.
5. The i)oundary conditions on z are updated. For ID <i <1,
w
D) 3 4z, — 2, — =i rij—2 + 31y — 41',4,]_1”
U; ]
(33)
The z-field is iterated once and overrelaxed by a factor of
1.5.
6. If [zt D — 23] > €5 step 5 is repeated.
7. The generated coordinate system (r,2-field) is allowed to settle

by repeating steps 3 to 6 several times, usually five.

8. The vorticity field, w, is iterated once followed by one iteration
on the stream function, Y. Both variables are underrelaxed by
a factor of 0.5.

9. Compute the velocities at interior points from central differ-
ence analogs of Eq. 14.

10. Update boundary conditions. Apart from those at the no(j =
J) boundary, the conditions are relatively straightforward to
enforce as they are either Dirichlet or Neumann type. The
boundary at 7 = 5, however, requires special treatment. Over
the no-slip portion of the boundary, the vorticity is obtained
from the following expression

(ks) — (ks) _ ,, (k) < i<
w;] 2hA (41.:]5 vf )forl <iZ<ID (34)

At the free surface, where ID < i < I, the calculation scheme is
more involved and proceeds in the following order:
(i)  First, the surface vorticity is obtained from the equation
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Figure 2. Flow diagram of the computational algorithm.

(ks)
Aluz —v,)

w£§5+l) =

(35)

— Blu, + vg) ]
c :

iJ
where [ | EI'CN) denotes evaluation at the grid node (i,) for the kth

iteration in the loop numbered N in Figure 2.
(i) The surface pressure is then obtained by numerically inte-
grating Eq. 17 along the surface, that is

A
pl = pln + f (AG -2,

where

dz (36)

Py =pa + aS/ry

(iii) The surface pressure is next used to obtain the surface veloc-
ities from the quasi-linearized forms of the free-surface stress
conditions. This gives

(ks))

B
A (or —uy) —ug

iJ

(87)
1
u1(11<5+l) == (4141(,](]5111) - u1(55_+21) + Z’E (p(k5+l —pa)
8 Ay (ks)
B CSH
2h |— —_— 38,
+ [ v, + A ] (

1L I |t = w)| > €501 Yo+ V- yds)| > ¢, sté{nsSto 10
are repeated.

12. A new surface profile is computed using Eq. 32 with the latest
surface velocities.

18. If Iif}“) - r}’j”l > €, steps 2 to 12 are repeated.

14. Secondary variables such as pressure, stress, and the continuity

error, D, are calculated.
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TABLE 2. EFFECT OF MESH REFINEMENT ON DIE SWELL AND THE
VARIABLES ATTHEDIELIP:S=0,G =0

21 X6 41 X 11 81 X 21
Variables h=02 h=01 h =005
Axisymmetric, o = 1
% Swell 12.30 12.00 12.00
p —0.558 -2.037 -3.977
T.z -5.337 —8.121 -10.800
Tz, 11.330 20.090 33.430
T,, -1.207 -1.506 —~2.087
D —-1.181 -2.040 —-3.163
Relative Cost 1.0 6.509 >35.4
Plane, = 0
% Swell 17.40 16.10 16.10
4 —0.959 -2.163 —-3.792
T, —4.906 -7.312 —-9.614
T.. 11.850 19.610 31.640
T, —0.758 -1.179 —-1.831
D -1.156 -1.897 —2.876
Relative Cost 1.0 8.583 >43.28

15. Hard copy plots and prints of all variables are generated.

The numerical scheme outlined above proved to be very efficient
and reasonably simple to code for the Newtonian jet swell problem
considered here. In all cases, the acceptable errors in the converged
solution were taken to be: €; = 0.5 X 1073, ¢ = €5 = €5 = 1074, The
starting values for a given case were taken as the converged solution
for the set of parameter values nearest to those under consideration.
Initially, however, the “stick-slip” problem (Richardson, 1970 a,b)
was solved and this solution was used as the starting point for the
die swell case where no gravitational and surface tension effects
were present. Apart from the absence of the curved boundary, the
flow field in the “stick-slip” problem closely resembles that of the
present problem. Moreover, for this model case, all of the boundary
conditions discussed previously remain valid except for the con-
dition at the free surface, which becomes (Dutta, 1980)

atj=J,ID<i=<I
1
a+1

r=1,z,=0,¢= L w=0 (39)

The zero vorticity condition results from the requirement that the
surface shear stress must vanish. Clearly, the coordinate transfor-
mation is redundant for solving this idealized case.

It should also be mentioned that even though the computational
region is restricted to lie within 2 = ~2 to 2 = +2, the exit will not
coincide exactly with the location z = 0 because of the nature of
the condition given by Eq. 23. Therefore, once the numerical so-
lution is obtained, the computational region is translated axially
by the appropriate amount so that z;p j = 0. This adjustment does
not alter the numerical results in any way, but merely facilitates
comparison with other numerical predictions. However, it should
be noted that this will casue the axial locations of the upstream and
downstream boundaries to be slightly different from —2 and +2,
respectively. Furthermore, for all of the calculations presented
here, the limits on £ and nare takentobe: £, = =2, £, =2, £§4=1
= 0 and 7y = 1. Also, for convenience, the pressure in the sur-
rounding fluid has been chosen as the reference pressure such that
pa = 0 for all of the cases considered in the following discussion,

RESULTS AND DISCUSSION

Jet Swell in the Absence of Gravity and Surface Tension

In order to evalute the effectiveness of the numerical scheme,
the Newtonian jet swell problem was first solved by neglecting
gravitational and surface tension effects. The computations were
performed on three different mesh sizes in order to select an op-
timum grid for further calculations. The results are presented in
Table 2. As the grid size is reduced from a coarse to an intermediate
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Figure 3. Comparison between numerical and experimental surface profiles
for axisymmelric jets, S = 0, G = 0. Numerical: — Present work; O Nickell
et al. (1974); A Chang et al. (1978); Galerkin, 3 X 9 elements; O Omodel
(1980); O Crochet et al. (1980). Experimental: A Batchelor et al. (1973),
Parlac, Re ~ 10~%; @ Nickell et al., Silicone, Re < 103,

mesh, the die swell decreases. However, beyond this mesh size the -
extent of swell remains unaffected by any change in the grid

structure. The corresponding computational cost increases sub-

stantially as the number of discrete mesh points increases. Thus,

all calculations reported subsequently were performed using a 41

X 11 grid. In general, the numerical procedure proved to be very

efficient in solving the die swell problem. For example, the axi-

symmetric case required about 5 minutes of CPU time on a Cyber
CDC 174 machine as compared to about 20 minutes required by
the finite element scheme of Nickell et al. (1974) on an IBM 360,67

computer. Furthermore, the die exit, where the liquid separates
from the solid boundary of the die, involves severe stress singu-
larities (Michael, 1958; Huilgol and Tanner, 1977; Sturges, 1979).

This occurs because of the different nature of the boundary con-
ditions on the upstream and downstream side of the die exit. The
results in Table 2 clearly demonstrate this behavior. Irrespective
of the mesh size, the results indicate a sudden transition from a very
high shear stress to an even larger axial stress. Ideally, as h — 0; the
stresses at the die lip should be infinite, and the numerical pre-
dictions indeed tend to exhibit this singular behavior.

Figure 3 shows the surface profile of a creeping Newtonian jet
issuing from a circular die. The numerial results have been com-
pared with the experimental measurements of Batchelor et al.
(1973) and Nickell et al. (1974) along with the results obtained from
different finite element schemes. As can be seen, a die swell value
of 12% as predicted by the present finite difference method is in

131 — 1

r{z)

z

Figure 4. Comparison between numerical and experimental surface shapes

for plane jets, $ = 0, G = 0. Numerical: — Present work; A Chang et al.

{1979); Collocation, 3 X 10 elements; O Omodei (1979); O Crochet et al.

(1980). Experimental: ® Whipple and Hill (1978), Silicone, Re = 3.5 X 10~4.
Error bars are for + one standard devlation.
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reasonably close agreement with the available experimental ob-
servations and numerical predictions. The surface profile for a
plane jet is illustrated in Figure 4. In this case, the agreement be-
tween the numerical predictions and the experimental data can
at best be judged as fair. However, it should be noted that the ex-
perimental die swell has indirectly been obtained from the velocity

(a)

profile measurements of Whipple and Hill (1978). In order for the
mass to be conserved in plane jet flow, the die swell ratio should
be equal to the ratioof the average velocities at the upstream and
downstream boundaries. Hence, as has been indicated by Chang
et al. (1979), the experimental die swell, since it is obtained from
the ratio of two quantities (average velocities) with large experi-
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Fig. 5 (continued)
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Figure 6. Comparison of velocity profile rearrangement with experimental

data. Numerical Solution: — Axisymmetric, --- Plane. Experimental: @

Gottlieb and Bird (1979), Circular Die, Glycerol, Re = 2.47 X 1072 A Whipple
and Hill (1978), Slit Die, Siticone, Re = 3.5 X 10~*

mental error, is likely to involve a considerable amount of uncer-
tainty. Nevertheless, encouraging qualitative agreement can be
observed between the two results.

The remarkable feature of the die swell problem is the rapid flow
rearrangement that occurs within a small region both upstream
and downstream from the exit. This complex flow behavior can
be better appreciated by considering the contour plots of the rel-
evant kinematic and dynamic variables as illustrated in Figure 5(a)
to (i) for the case of an axisymmetric jet. Figure 5(a) shows the
contours of £ and 7, thereby giving the actual mesh pattern in the
physical plane. 1t is clear that the exit region, within which flow
rearrangement occurs from Poiseuille to uniform plug flow, extends
approximately from 2 = —1 to z = 1.5. Also Figures 5(b) to (e)
clearly indicate that the flow is not fully developed at the die exit,
primarily because of the absence of inertial forces which allows the
vorticity generated at the die lip to diffuse both downstream and
upstream from the exit plane. Moreover, as can be seen from
Figures 5(g) to (i) the stress field, particularly around the die lip,

_is extremely complex and highly nonviscometric. Clearly, swelling
of the jet is a result of the large normal stresses generated just be-
yond the exit section. For a plane jet, the qualitative aspects of the
flow field were found to be almost identical to that for the axi-
symmetric case, and hence, will not be discussed in detail here.

A more stringent test of the validity of the numerical solution
can be made by comparing the calculated and experimentally
measured velocity profile data. Velocity profile measurements
within the exit region of creeping Newtonian (and viscoelastic) jet
flows have recently been reported by Whipple and Hill (1978) and

.9 1 | | l
.5 1 5 2

Figure 7. Effect of gravity on the shape of an axisymmetric jet, $ = 0.
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Figure 8. Influence of gravity on the surface profile of a plane jet, S = 0.

by Gottlieb and Bird (1979) for slit and circular dies, respectively.
The latter study, however, deals only with the exit region inside
the die. In both investigations, the axial velocity profiles were fitted
to an empirical equation of the form

o(r,z) = C1(z) + Cafz)[1 — rCal2)] (40)
where C;(z) = 0 for z < 0. Mass conservation then implies that
RCsC 1
R e Y

Cata+1 Re+1

where R(z) = 1 for 2 < 0. Gottlieb and Bird (1979) have defined
a relative measure of velocity profile rearrangement as follows
Cs(z)
== (42)
Ca(—)
An alternative form for expressing the velocity profile rearrange-
ment is the following:
- Co(==) —1

B(z) Cod) =1

The difference between the definitions of § given by Eqs. 42 and
43 is that the former is based on the exponent function, Cg(z),
whereas the latter is based on the difference between the maximum
and average velocities. In the present study, in order to quantify
the relative amount of velocity rearrangement within the entire
exit region, the latter definition has been chosen. That is

forz <0, 8(z)

(43)

for—o <z < .
’ v(0, —») — 1

B =2 (49
Note that as v(0,2) — 1, 8 — «. Figure 6 shows the variation of 1/
with axial distance, z. Also shown are the experimental data of
Whipple and Hill (1978) and Gottlieb and Bird (1979). Here again,
the numerical predictions are in reasonably good agreement with
experimentally measured values.

Effect of Gravity

The influence of a gravitational field in determining the final
shape of a creeping Newtonian jet is now considered. Certainly,
the overall length of the jet is an important factor for this case as
has been demonstrated by the recent finite element calculations
of Fischer et al. (1980). In the present work, however, only the
effect of the gravitational parameter, G, is investigated. The in-
fluence of G on surface shape is illustrated in Figures 7 and 8 for
the case of an axisymmetric and plane jet, respectively. It is obvious
that the final shape of the jet is a result of a dynamic balance be-
tween the competing influences of viscous and gravitational forces.
For small values of G, the jet swell is less than the gravity-free case,
and the radius (or thickness) increases monotonically with axial

AIChE Journal (Vol. 28, No. 2)
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Figure 9. Variation of surface axial velocity with axial distance for different
values of G, S = 0, axisymmetric case.

distance. As the magnitude of G is increased, a maximum appears
in the surface profile along with a rapid decrease in die swell. Fi-
nally, for even larger values of G, the gravitational forces com-
pletely dominate the viscous effects and the jet contracts.

The qualitative nature of the flow behavior was determined to
be practically independent of the geometry considered. Therefore,
no specific reference to the particular geometry is made in the
subsequent discussion. Figures 9 and 10 show the axial and
transverse velocities along the jet surface for different magnitudes
of G. The results clearly demonstrate the discontinuity in the ve-
locity gradient at z = 0. Also, as expected, the presence of a grav-
itational field accelerates the fluid thereby increasing the axial
velocity and decreasing the transverse velocity. The net result is
a decrease in die swell, which is directly related to the velocity ratio,
u/v, at the surface.

» | | |

0 5 1 15
4
Figure 10. Effect of gravity on surface radial velocity for an axisymmetric jet,
s$=0.
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Figure 11. Influence of gravity on the centerline pressure of a plane jet, $ =
0, O Chang et al. (1979), Collocation, 3 X 10 elements, G = 0.

Figures 11 and 12 illustrate the variation of the centerline and
surface pressures with axial distance. Far upstream from the exit,
the pressure is uniform over the cross-section and varies linearly
with z due to the Poiseuillean nature of the flow. As the exit section
is approached, a transverse pressure gradient begins to develop and
continues to do so until the exit plane is traversed. Beyond the exit
section, this transverse gradient gradually decays and ultimately
the pressure across the jet becomes uniform again. Although the
presence of a gravitational field results in an expected decrease in
pressure, it does not alter the qualitative nature of the pressure
profiles significantly. Moreover, the results in Figure 12 indicate
the severe pressure singularity existing at the die lip. Thisisinac-
cordance with the analytical findings of Michael (1958) and the
finite element calculations reported by Chang and coworkers
(1979).

Effect of Surface Tension

Surface tension plays an important role in determining the shape
of a free surface. Numerical simulations incorporating surface
tension, however, involve determination of the curvature of the
surface profile. One particular technique, commonly used for
curvature calculations, is that based on spline-fitting as has been
suggested by Daly (1969), and has been used in a modified form
by Omodei (1979, 1980) for the jet swell problem. In the present
study, a technique similar to that employed by Reddy and Tanner

—al

-4 ] | ]
-2 = 0 1 2

Figure 12. Surface pressure profiles of a plane jet for different values of G,
S$ = 0. O Chang et al. (1979), Collocation, 3 X 10 elements, G = 0.
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Figure 13. Calculation of the radius of curvature at discrete points on the free
surface.

(1978a) is adopted. The method determines the radius of curvature,
X, of the surface profile by means of a purely geometrical proce-
dure as shown schematically in Figure 13. Once X; is evaluated at
a point i on the free surface, the total curvature at that point is given

by
l o
X, " R (/o P12

The curvature, H;, is then used in Eq. 38 to update the surface
variables at point i for every iteration of the stream function-vor-
ticity loop (number 5 in Figure 2).

Figure 14 shows the effect of surface tension on the shape of an
axisymmetric jet for different values of the surface tension pa-
rameter, S, which measures the ratio of surface tension to viscous
forces. Clearly, surface tension inhibits the swelling effect due to
the inherent inward normal force on the free surface. Also shown
in Figure 14 is a surface profile incorporating both gravitational

H;=- (45)

12

Figure 14. Effect of surface tension on the surface profile of an axisymmetric
jet.

and surface tension effects. Evidently, the contribution due to
gravity in reducing die swell is significantly greater than that owing
to surface tension. Qualitatively similar behavior was also obtained
regarding the influence of surface tension on the free-surface
profile for plane jets (Table 3) and therefore is not discussed here
in detail. Instead, the numerical results for a large variety of flow
conditions are summarized in Table 3. The dynamic variables at
the centerline and at the surface are given at the exit plane along
with the corresponding die swell values and exit losses. The exit loss,
e, is determined as e = p,./27,, where p,, is the surface pressure
at the exit extrapolated from far upstream, and 7, is the wall shear
stress in Poiseuille flow. It is seen that the singularity at the die lip
is most severe when both gravitational and surface tension effects
are absent. For the general case, the additional forces which arise
due to gravity and surface tension tend to accelerate the fluid
thereby reducing the velocity gradients at the die lip, which con-
sequently tend to relieve the pressure and stress singularities.
Also, the die swell values listed in Table 3 for various flow con-
ditions are found to be in reasonably close agreement with both
experimentally determined results and with numerical predictions
given by various finite element techniques previously reported in

TABLE 3. SUMMARY OF NUMERICAL RESULTS FOR DIFFERENT FLOW CONDITIONS
Axisymmetric Jet, & = 1

at (0, 0) at (1, 0)

G S % Swell ) P e —p —T,. -T,, Tz
0.00 0.0 12.00 1.600 2.061 0.214 2.037 8.121 1.506 20.09
0.05 0.0 10.70 1.601 1.686 0.186 2.156 7.358 1.367 20.18
0.10 0.0 9.20 1.602 1.587 0.170 2.209 7.8322 1.261 19.60
0.25 0.0 5.30 1.608 1.307 0.128 2.352 7.232 0.973 18.23
0.50 0.0 —0.25 1.611 0.919 0.064 2.587 7.095 0.471 16.40
0.75 0.0 —5.83 1.634 0.745 0.052 2.828 6.969 0.109 14.72
1.00 0.0 -7.90 1.644 0.302 —-0.035 2.993 6.843 0.443 14.08
0.00 0.3 11.10 1.611 2.305 0.274 1.765 8.088 1.762 19.59
0.00 0.4 10.70 1.611 2.394 0.246 1.671 8.067 1.844 19.34
0.00 0.6 10.00 1.611 2.578 0.269 1.472 8.017 2.012 18.79
0.00 0.8 9.30 1.612 2.765 0.289 1.266 7.956 2.181 18.21
0.00 1.0 8.60 1.613 2.958 0.309 1.060 7.901 2.354 17.66
0.00 1.2 8.00 1.614 3.154 0.329 0.850 7.843 2.528 17.12
0.25 0.4 3.30 1.617 1.923 0.153 1.952 7.624 1.283 16.89

Plane Jet, a = 0
0.00 0.0 16.10 1.310 0.938 0.169 2.163 7.312 1.179 19.61
0.05 0.0 14.10 1.310 0.721 0.136 2.253 6.552 1.051 19.46
0.10 0.0 12.30 1.311 0.617 0.120 2.311 6.513 0.938 18.75
0.25 0.0 6.60 1.314 0.353 0.066 2.492 6.373 0.594 16.77
0.50 0.0 -0.77 1.321 —-0.075 —0.012 2.747 6.138 —0.096 14.42
0.75 0.0 —6.20 1.334 —0.398 -0.077 2.978 5.929 —0.678 12.84
1.00 0.0 -10.50 1.341 -0.735 -0.101 3.179 5.742 —1.208 11.69
0.00 0.5 14.00 1.310 0.896 0.158 2.171 6.575 1.109 19.52
0.00 0.75 13.10 1.310 0.893 0.160 2.152 6.556 1.094 19.09
0.00 1.00 10.30 1.312 0.929 0.139 2.131 6.470 0.980 17.74
0.00 2.00 9.20 1.313 0.904 0.154 2.056 6.425 1.015 17.03
0.25 0.50 5.60 1.316 0.416 0.064 2.465 6.345 0.502 16.36
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TABLE 4. NORMAL AND TANGENTIAL STRESSES ON THE JET SURFACE

Z T, X 108 Ty X 108 D
§=0,G=0,a=1
0.0718 1.715 3.586 5.425
0.1634 1.004 4.995 2.776
0.2643 0.564 5.067 2.251
0.5864 0.076 2.079 1.076
1.0250 0.000 0.315 0.309
1.5670 0.000 —0.042 0.019

$§=0,G=05a=1

—_— D

0.0904 0.404 1.051 4.441
0.1902 -0.299 0.724 1.909
0.2957 ~0.291 0.207 1.372
0.6152 -0.093 —-0.470 0.252
1.0300 0.183 —0.384 ~0.328
1.5300 0.354 —0.124 -0.277
$=0,G=0,a=0 )
0.0676 1.827 0.026 5.141
0.1557 0.990 1.453 2.853
0.2537 0.700 1.935 2.471
0.5729 0.101 1.635 1.481
1.0200 —0.275 0.652 0.611
1.5810 —0.238 0.050 0.107
z T, X 108 Tn D (TN )appl
$§=10,G=0,a=1
0.0776 -2.572 —1.129 5.054 —1.128
0.1734 —0.515 -1.237 2.380 - —1.234
0.2766 —0.421 —~1.256 1.857 —1.253
0.5955 0.335 -1.074 0.881 -1.071
1.0260 0.264 -0.975 0.246 —0.975
1.5600 —-0.059 —0.932 0.012 —0.933
§=05G=0a=0
0.0702 -2.121 -0.0351 5.101 —0.0357
0.1610 ~0.845 -0.1112 2.647 —0.1097
0.2607 —0.532 —0.1530 2.250 —0.1506
0.5792 0.165 —0.0932 1.348 —0.0909
1.0220 0.187 —0.0496 0.544 —0.0487
1.5770 0.023 —0.0161 0.090 —-0.0159
$=056G=025,a=0
0.0833 —-0.512 —0.0286 4.434 —0.0273
0.1801 —0.493 -0.0999 2.074 —0.0973
0.2834 —0.404 —-0.1362 1.661 —0.1330
0.6009 —0.088 —0.0670 0.795 —0.0639
1.0260 0.058 —0.0225 0.156 -0.0206
1.5480 0.037 —0.0053 0.035 —0.0051

the literature (Omodei, 1979, 1980, Reddy and Tanner, 1978a,
1978b).

Boundary Conditions

The extent to which the pressure and stress boundary conditions
are satisfied is now briefly discussed. At the upstream boundary,
Poiseuille flow has been assumed, and therefore the pressure should
remain uniform across the entire cross-section. From the numerical
results, it is found that the maximum deviation of pressure from
its average value is less than 1%. At the downstream boundary,

T.. = —p = —aS/[R(Ly)],

which implies that the axial velocity gradient, dv/ 9z, must vanish.
The axial velocity gradients, calculated from the numerical results,
vary from 0 to 1073 over the entire cross-section. Thus, within ac-
ceptable numerical error, both the up-stream and downstream
conditions are satisfied adequately.

Ideally, the continuity equation given by Eq. 2 and the stress
conditions represented by Egs. 6e and 6f are to be satisfied at the
free surface. In general, numerical solutions have not been suc-
cessful in meeting all of these requirements simultaneously, espe-
cially near the die lip. In the case of finite element calculations,
where the continuity equation is solved directly, Chang et al. (1979)
and Omodei (1979, 1980) have reported that both normal and
tangential stresses on the surface differed significantly from their

AIChE Journal (Vol. 28, No. 2)

expected values. Similar observations can also be noticed from the
finite difference result of Horsfall (1973). This discrepancy,
however, decays almost exponentially as one moves downstream
from the exit.

Contrary to the numerical methods mentioned above, the
present procedure does not solve the continuity equation explicitly.
Instead, mass conservation is ensured by using a stream function
approach and the velocities are obtained everywhere in the field,
except at the free surface, from the stream function derivatives.
Velocities at the free surface are determined from the stress con-
ditions. Table 4 summarizes the surface stresses and the error in
the continuity equation, D, for the different cases of creeping jet
flow considered. Also listed is the imposed normal stress, (Ty )appl
= HS. Note that when surface tension is ignored, the imposed
normal stress is zero at the free surface. The results demonstrate
that both the normal and tangential stress conditions are very well
satisifed, but failure occurs in satisfying continuity. Since continuity
cannot be satisifed exactly at the die exit because of singularity
problems, the present solution scheme chooses to satisfy the stress
conditions rigorously, but relaxes the continuity requirement. [t
appears that at the present state of development, irrespective of
whether a finite element or finite difference method is used, the
numerical schemes are incapable of satisfying all of the require-
ments at the free surface simultaneously, particularly in the im-
mediate vicinity of the die lip. Nevertheless, in spite of this dis-
concerting deficiency, the numerical solutions predict the overall
shape and the swell quité accurately as is evident from the good
agreement with available experimental results.

CONCLUDING REMARKS

The present work puts forward a simple and efficient finite
difference technique for solving steady, viscous free-surface flows.
The method has been successfully employed to solve the Newtonian
jet swell problem. The transformation procedure employed here
permits the present method to achieve the boundary generality of
the finite element technique. Consequently, the solution scheme
can be applied to a large variety of flow problems involving arbi-
trarily curved boundaries, which may or may not constitute a free
surface.

For the jet swell problem considered here, stress singularities exist
at the die exit. Thus, the numerical solution cannot be expected to
be very accurate in the neighborhood of the die exit as all boundary
conditions cannot be satisfied rigorously. If, however,.a more
precise solution in the immediate vicinity of the singularity is de-
sired, it may be fruitful to incorporate special numerical techniques
(Crank and Furzeland, 1975) for treating boundary singularities
into the basic computational scheme presented here.

Notation

A,B,C = transformation parameters

C), Cq, C3 = coefficients in empirical equation for axial ve-
locity

D = error in continuity equation

e = exit loss

E,F = coefficient in finite difference equation

g = acceleration due to gravity

G = gravitational parameter

h = grid spacing

H = total curvature of the free surface

kn = iteration level in loop N

L, = characteristic length

L = length of the upstream region

L, = length of the downstream region

P = pressure

Pa = pressure in the surrounding medium

Pex = exit pressure

r = transverse distance

R = profile describing the free surface
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S = surface tension parameter

T = total stress
Ton = components of total stress tensor
Tn = normal stress at the free surface
(Tn)appt = imposed normal stress at the free surface
T, = tangential stress at the free surface
u = transverse velocity
v = axial velocity
O, On = components of velocity vector
\' = average velocity
X, Xn = coordinate directions
= coefficient in finite difference equation
2 = axial distance

Greek Letters

geometry indicator

= velocity profile rearrangement factor
= Kronecker delta

= symbol in finite difference equation
= allowable error in loop N

= transformed coordinate direction

= liquid viscosity

= transformed coordinate direction

= liquid density

surface tension

wall shear stress in Poiseuille flow
arbitrary variable

stream function

vorticity

3
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Subscripts

ij = evaluation at grid node (i,j)
1, MM = first and second derivatives with respect to 7
£ & = first and second derivatives with respect to £
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